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We study families of positive and completely positive maps acting on a bipartite system CM ⊗ CN
(withM ≤ N). Themaps have a property that when applied to any state (of a given entanglement class)
they result in a separable state, or more generally a state of another certain entanglement class (e.g.,
Schmidt number≤ k). This allows us to derive useful families of sufficient separability criteria. Explicit
examples of such criteria have been constructed for arbitrary M,N, with a special emphasis on M = 2.
Our results can be viewed as generalizations of the known facts that in the sufficiently close vicinity
of the completely depolarized state (the normalized identity matrix), all states are separable (belong
to "weakly" entangled classes). Alternatively, some of our results can be viewed as an entanglement
classification for a certain family of states, corresponding to mixtures of the completely polarized state
with pure state projectors, partially transposed and locally transformed pure state projectors.
PACS numbers: 03.65.Aa, 03.67.Hk
I. INTRODUCTION
Entanglement is a property of density operators iden-
tified with quantum mechanical states of a multipartite
system. Such operators act on the correspondingHilbert
space, which has a fixed tensor structure, corresponding
to different parties (Alice, Bob, Charlie,...). Notably, en-
tanglement is the most fundamental resource for quan-
tum information processing [1]. For this reasons charac-
terization of entanglement and related quantum correla-
tions is one of the most important tasks in quantum in-
formation science. Yet, it is a very challenging task, since
even for bipartite systems the problem of determining
if a given state is entangled or not is NP-hard [2] from
the computational point of view. Although in low di-
mensions there exist efficient numerical codes checking
entanglement using semi-definite programming [3], this
problembecomes untractablewhen the dimension of the
underlying tensor product Hilbert space grows. For this
reason it is extremely important to develop and have at
our disposal operational entanglement criteria that can
be used in experiments.
So far, most of the known separability criteria are
necessary (that is sufficient for detecting entanglement),
starting with the prominent positive partial transpose
criterion, proposed by Peres [4], and also proven to
be sufficient for two-qubits and one qubit-qutrit by
Horodeckis [5]. In fact transposition T is a paradigmatic
example of a positive map, i.e., a map that maps states
onto states. Transposition is not, however, completely
positive, i.e., its extensions by identity map to larger ten-
sor spaces do not correspond to positive maps. This
∗ maciej.lewenstein@icfo.es
is actually a general fact, proven by Horodeckis (cf.[1]):
any positive map acting exclusively on a space of Al-
ice’s (Bob’s) operators, transforms a separable state into
a positive definite state. Conversely, a state is separable
if it remains positive definite under action of all positive
map on Alice’s (Bob’s) side. Several examples of posi-
tive maps have been proposed and studied in the con-
text of entanglement: cf. the celebrated reduction map
[6, 7], Breuer-Hall map [8, 9], or Choi map [10]. Note
that in contrast to the Breuer-Hall and Choi maps, the
reduction map is decomposable, i.e., it does not allow to
detect entanglement of states with positive partial trans-
pose. Also, note that positive maps are not "physical"
and cannot be realized directly in experiments; neverthe-
less, it is possible to realize them indirectly, using the, so
called, structural approximations to positive maps [11–
15], or multi-copy entanglement witnesses [16, 17].
Another common approach to assure separability and
detect entanglement is based on the celebrated entan-
glement witnesses (cf. [1, 18, 19]). These are observ-
ables, whose average value is non-negative on all separa-
ble states, whereas it is strictly negative on an entangled
state. Witnesses detect some entangled states only, but
their advantage is that they can be directly measured us-
ing local optimized measurements [20]. Generalizations
of witnesses and maps to the non-linear witnesses and
maps are possible, but rare and not so frequently used
(cf. [1]).
Sufficient criteria of separability (i.e., necessary ent-
naglement criteria) are not so common. They appeared
very early in the theory of entanglement in the studies
of robustness of entanglement [21]. More importantly, suf-
ficient sepaprability criteria turn out to be crucial in the
studies of volume of separable states, which amounts
to estimations of the size of the ball around the separa-
ble states that contains separable states only [22]. These
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2ideas proved being important for the general aspects
of quantum computing—indeed they allowed Braun-
stein et al. to demonstrate that the high temperature
NMR "quantum computing" does not involve entangle-
ment [23]. This important problem has been followed by
many researchers—"classical" results were obtained for
instance by Barnum and Gurvits [24]; Later, in the series
of works by Szarek et al. [25, 26] powerful estimations of
the volume of separable states were made for multipar-
tite systems.
Here we present alternative and general approach to
derive sufficient criteria for separability and more gen-
erally of belonging to a certain class of entanglement,
quantum correlations etc. Alternatively, we will derive
conditions when a state of a certain form (corresponding
to a mixture of the completely polarized state with pure
state projectors, partially transposed and locally trans-
formed pure state projectors etc.) belongs to a certain
entanglement/correlation class. Our approach is some-
what related to that of Barnum andGurvits: we consider
families of maps acting on global states of a bi- or mul-
tiparty system, having the property that when applied
to a state (a state of a certain entanglement class) they
produce a separable state (a state of another certain en-
tanglement class).
The paper is organized as follows. In Section II we
present our notation, definitions, and preliminary facts.
In Section III we explain the general theorem, on which
we then base our sufficient criteria, and sketch the previ-
ously known results – in particularwe remind the reader
the results of Vidal, Barnum and Gurvits. Main results
for 2⊗N and M ⊗N systems are presented in Sections IV
and V, respectively. We focus mainly on sufficient sep-
arability criteria, but also discuss some results that go
beyond this paradigm. We close the paper with the con-
clusions and outlook in Section VI.
II. PRELIMINARIES
We consider states of a bipartite system of Alice and
Bob, described by density operators ρ acting on the
Hilbert spaceH = HA ⊗HB = CM ⊗CN with M ≤ N. The
space of all bounded operators acting on it is denoted
by B(HA ⊗ HB), while the set of states, that is, operators
from B(HA ⊗ HB) obeying ρ ≥ 0, ρ = ρ† and Tr(ρ) = 1, as
R (also denoted as ΣM , see below). Note that R is convex
and compact. However, the normalization condition of
the states and, consequently, the compactness of R will
only be assumed if necessary. The transposed operator
ρ will be denoted as ρT , whereas partially transposed as
ρTA (ρTB). In the following we will consider also various
classes of states such as:
• Separable states Σ, also denoted as Σ1, i.e., states
that admit the following decomposition
σ =
K∑
k
pk |Ψk〉1〈Ψk |1, (1)
where |Ψk〉1 = |ek〉 ⊗ | fk〉 are simple tensors, i.e.,
product also know as vectors with Schmidt rank
1, i.e., having only one non-vanishing Schmidt co-
efficient [27].
• States with Schmidt number n ≤ M, Σn, i.e., the
states that admit the decomposition
σ =
K∑
k
pk |Ψk〉n〈Ψk |n, (2)
where |Ψk〉n = ∑nl=1 λl|ekl〉 ⊗ | fkl〉 are vectors with
Schmidt rank ≤ n, and at least one of them has
Schmidt rank equal to n [28, 29].
• PPT-operatorsWPPT , i.e., those that have a positive
patrial transpose, wTA ≥ 0; in particular, we will
talk about PPT-states, RPPT , i.e., ρ ∈ R and ρ ∈ WPPT ,
i.e., ρTA ≥ 0.
• Pre-witnesses of entangled states W, also denoted
as W1, i.e., observables W = W† such that for every
w ∈ W and every σ ∈ Σ, we have Tr(wσ) ≥ 0. Note
that the genuine witnesses additionally must not
be positive definite, i.e., w < R = ΣM [1, 18]
• Pre-witnesses of entangled states of Schmidt num-
ber n,Wn, i.e., observablesW = W† such that for ev-
ery w ∈ Wn and every σn ∈ Σn, we have Tr(wnσn) ≥
0. Note that the genuine witnesses additionally
must detect a state from Σn+1, there must exist a
σn+1 ∈ Σn+1, such that Tr(wn+1σn) < 0 [28, 29].
• Decomposable entanglement pre-witnesses, i.e.,
pre-witnesses that admit a decomposition W =
P + QTA , where P,Q ≥ 0. Witnesses that do
not admit such decomposition are termed non-
decomposable (cf. [18, 19]).
Consequently, we will consider various classes of lin-
ear maps
Λ : B(HA ⊗HB)→ B(HA ⊗HB)
that preserve hermiticity. We will pay particular atten-
tion to those maps that map a certain subset of S ⊂
B(HA⊗HB) to another certain subset of S ′ ⊂ B(HA⊗HB),
i.e., for every w ∈ S we have Λ(w) ∈ S ′. We will typically
consider families of maps Λp, parameterized by a set of
parameters p = (α, β, γ, . . .), and assume that the map is
invertible for almost all values of the parameters. Wewill
denote by R(ρ), K(ρ), and r(ρ) = dimR(ρ) the range, the
kernel and the rank of ρ, respectively. Complex conju-
gation will be denoted according to the "physical tradi-
tion" as ∗, so that the complex conjugate of a vector |e〉 is
|e∗〉, while any perpendicular vector by |e⊥〉. Because of
the reasons that will become clear below we will mostly
work with even M and N. In such case it is straightfor-
ward to implement in an easy way, the so called, Breuer-
Hall unitary operators V , VV† = 1, such that for all vec-
tors |e〉,
V |e∗〉 = |e⊥〉. (3)
3III. GENERAL THEOREMS
Our approach is mainly based on the following simple
observation.
Theorem 1. Let S , S ′ are convex and compact subsets of
B(HA ⊗HB), and let Λp : S → S ′ be a family of maps, invert-
ible for almost all p. LetPS S ′ denote a subset of the parameters
set, and the maps have the property that for every w ∈ S we
have that Λp(w) ∈ S ′, provided p ∈ PS S ′ . Then Λ−1p (σ) ∈ S⇒ σ ∈ S ′.
Proof. Note that Λp
[
Λ−1p (σ)
]
= σ. 
Now let S be the set of all M ⊗ N states and S ′ ⊂ S be
the separable states. This general theorem can be applied
to derive sufficient separability criterion, provided the
choice of Λp is such that
i) we can easily check that Λ−1p (S ) ⊂ S ,
ii) we can prove the assumption that Λp(S ) ⊂ S ′.
Clearly, the difficulty of deriving the sufficient separabil-
ity criteria is hidden in the condition ii).
Below we provide some examples (of sufficient sepa-
rability criteria) known from the literature, to illustrate
concrete use of Theorem 1. Let us consider the simple
reduction-type map Λα(ρ) := Tr(ρ)1 + αρ. For condition
ii), we have to find the range of the parameter α such
that Λα(ρ) is separable. Once this is done, Λ−1α (ρ) ≥ 0
would be a sufficient separability criterion. Separability
of Λα(ρ) is well known and given by the following result.
Theorem 2. [21, 24] Let Λα(ρ) = Tr(ρ)1 + αρ be the family
of maps, and −1 ≤ α ≤ 2. Then ρ ≥ 0⇒ Λα(ρ) =: σ ∈ Σ, i.e.
σ is separable.
Proof. It is enough to prove the theorem for pure states,
ρ = |Ψ〉〈Ψ|. For M = 2, |Ψ〉 has maximally Schmidt rank
2, and, without loosing generality, we can assume that
|Ψ〉 = λ0|0〉 ⊗ |0〉 + λ1|1〉 ⊗ |1〉. It is then enough to check
positivity and separability of Λ(|Ψ〉〈Ψ|) on a 2 ⊗ 2 space
spanned by |0〉, |1〉 in both Alice’s and Bob’s spaces. PPT
provides then necessary and sufficient condition [5], and
we easily get that indeed −1 ≤ α ≤ 2. The condition α ≥
−1 actually follows already from a simpler requirement
of positivity ofΛα(ρ), as it appears in the definition of the
reduction map [6, 7].
To prove the theorem for M ≥ 3 we exploit the fact,
proven in Ref. [21] (see also Ref. [14]) that the (unnor-
malized) mixture of |ψ〉 and the maximally mixed state,
1 + α |ψ〉〈ψ|, is separable iff
α ≤ 1
λ0λ1
. (4)
This implies that 1 + α |ψ〉〈ψ| is separable for any |ψ〉 if
α ≤ 2. 
This leads to the following separability criteria.
Theorem 3. (Sufficient separability criterion 1) If
Λ−1α (σ) := [σ − Tr(σ)1/(2N + α)]/α ≥ 0 then σ ∈ Σ, i.e.
σ is separable.
In particular, for the extreme values of α, we get the
following separability results.
Corrolary 4. If σ − Tr(σ)1/(2N + 2) ≥ 0 then σ ∈ Σ, i.e. σ
is separable.
Corrolary 5. If Tr(σ)1/(2N − 1) − σ ≥ 0 then σ ∈ Σ, i.e. σ
is separable.
It is amazing that these simple criteria are strong
enough to detect some states outside the "separable ball"
around identity [24] (see Section IVC for an explicit ex-
ample and detailed discussion). Of course, not all states
from the separable ball are detected. The reason for this
weakness is that Barnum and Gurvits have estimated
the radius of the separable ball using a stronger result,
namely: if the operator norm of a Hermitian matrix X is
bounded by 1, then 1 + X is separable. In contrast, our
simple criteria depend on the spectrum, not on the norm,
and are thereby independent. Nonetheless, we will see
in the next sections that with other choices of Λp’s, we
could derive further stronger sufficient separability cri-
teria.
IV. MAIN RESULTS FORC2 ⊗CN
A. Reduction- and Breuer-Hall-like maps
Let us start by presenting generalizations of Theorem2
derived in a similar spirit as the generalization of the re-
duction map by the Breuer-Hall map [8, 9]. Note that
Breuer-Hall’s construction does not work in the qubit
case—Breuer-Hall’s map identically vanishes for qubits.
In our case when we consider maps acting on the com-
posite space of Alice and Bob this restriction will not ap-
ply. In the two-dimensional space there exist (up to a
phase) a single unitary, σ2, with the property that for
every |e〉, σ2|e∗〉 = |e⊥〉. For simplicity we will consider
the case when Bob’s space has even dimension; in such a
case it is easy to construct analogous Breuer-Hall unitary
operator V , such that V | f ∗〉 = | f⊥〉.
Below we will denote, for brevity:
ρ˜A = σ2ρ
TAσ2,
ρ˜B = VρTBV†,
and
ρ˜ = σ2VρTV†σ2.
We can now prove the following result about a general-
ized Λp.
4Theorem 6. Let Λα,β(ρ) = Tr(ρ)1 + αρ + βρ˜A be a family of
maps. Let α ≥ max[−1, β/2 − 1] and β ≥ max[−1, α/2 − 1].
Then ρ ≥ 0⇒ Λα,β(ρ) =: σ ∈ Σ, i.e., σ is separable.
Proof. The proof is very similar to that of Theorem 2 as
above. It is enough to prove it for pure states, ρ = |Ψ〉〈Ψ|.
Without any loss of generality, take |Ψ〉 = λ0|0〉 ⊗ |0〉 +
λ1|1〉 ⊗ |1〉. It is enough to check then positivity and sep-
arability of Λ(|Ψ〉〈Ψ|) on a 2 ⊗ 2 space spanned by |0〉, |1〉
in both Alice’s and Bob’s spaces, where PPT provides
then necessary and sufficient condition. After some alge-
bra we obtain the desired condition, represented graphi-
cally in Fig. 1, where we mark the range of α, β for which
Λα,β(ρ) is separable for any ρ. 
FIG. 1. The range of α, β such that for any state ρ acting on
C2 ⊗CN , Λα,β(ρ) is separable.
The general Theorem 1 then immediately implies the
following separability result.
Theorem 7. (Sufficient separability criterion 2) Let ρ =
Λ−1α,β(σ) ≥ 0, i.e.,
1
α2 − β2
[
ασ − βσ˜A − (α − β)2N + α + βTr(σ)1
]
≥ 0. (5)
Then σ is separable.
Noticeably, the contributions fromα and β compensate
each other, diminishing in effect off-diagonal parts of σ
in the Alice space. In fact, for α = β these off-diagonal
parts strictly vanish and σ is a sum of two simple ten-
sor product matrices—in this special case, however, the
map ceases to be invertible. The criterion derived above
is particularly strong at the boundary of the parame-
ter region represented in Fig. 1, i.e., for β = α/2 − 1 or
α = β/2 − 1.
Corrolary 8. (Sufficient separability criterion 3) Let[
ασ − (α/2 − 1)σ˜A − (1 + α/2)2N + 3α/2 − 1Tr(σ)1
]
≥ 0 (6)
or [
βσ˜A − (β/2 − 1)σ − (1 + β/2)2N + 3β/2 − 1Tr(σ)1
]
≥ 0. (7)
Then σ is separable.
The above corollary has a particularly interesting limit,
when both α and β tend to∞.
Corrolary 9. (Sufficient separability criterion 4) Let
σ − σ˜A/2 > 0 (8)
or
σ˜A − σ/2 > 0. (9)
Then σ is separable.
Note that the latter inequalities are valid only in
the asymptotic sense and require strict positivity. One
should also note that in the above results we used maps
that explicitly involved partially transposed matrices.
For this reason it is useful to remind the reader some re-
sults of Ref. [30] that hold for M = 2.
Theorem 10. [30] If σ = σTA ≥ 0 then σ is separable.
Corrolary 11. [30] Let σ ≥ 0 be a state. If σ + σTA is of full
rank and ‖(σ + σTA )−1‖ ‖σ − σTA‖ ≤ 1, then σ is separable.
This corollary implies that if σ is of full rank and is very close
to σTA then σ is separable. Here we use the operator norm
‖A‖ := max‖Ψ〉‖=1 ‖A|Ψ〉‖.
Note that the present results are clearly indepen-
dent since they involve matrices σ˜A and related ones.
Nonetheless, explicit examples showing the indepen-
dence will be given in Section IVC.
Let us now present the strongest theorem of this sec-
tion, which involves Breuer-Hall unitary operators on
the both sides of Alice and Bob:
Theorem 12. Let p = {α, β, γ, δ} and Λp(ρ) = Tr(ρ)1 + αρ +
βρ˜A+γρ˜B+δρ˜ be the family of maps; let there exist 0 ≤ a, b ≤ 1,
a + b ≤ 1 such that the parameters fulfill the four conditions:
α ≥ β/2 − a, (10a)
β ≥ α/2 − a, (10b)
γ ≥ δ/2 − b, (10c)
δ ≥ γ/2 − b, (10d)
and α ≥ −1, β ≥ −1, γ ≥ −1, and δ ≥ −1. Then ρ ≥ 0 ⇒
σ = Λp(ρ) ∈ Σ, i.e. σ is separable.
Proof. The proof is similar to the proof of Theorem 6, but
more complex and technical. Again it is enough to prove
for pure states, ρ = |Ψ〉〈Ψ| and, without loosing general-
ity, take |Ψ〉 = λ0|0〉 ⊗ |0〉+ λ1|1〉 ⊗ |1〉. But, now we have to
consider three cases: i) when the Breuer-Hall unitary V
acts as σ2 on the Bob’s subspace spanned by |0〉 and |1〉;
ii) when V transforms |0〉 and |1〉 to |2〉 and |3〉; iii) when V
5transforms |0〉 and |1〉 to orthogonal vectors in a subspace
spanned by |0〉 and |2〉, and |1〉 and |3〉, respectively.
The conditions α ≥ −1, β ≥ −1, γ ≥ −1, and δ ≥ −1
follow again from the analysis of the case when ρ is a
projector on a product state, say |0〉 ⊗ |0〉, so that ρ˜A is a
projector on |1〉⊗|0〉, ρ˜B on |0〉⊗|1˜〉, and ρ˜ on |1〉⊗|1˜〉, where
|1˜〉 is a vector orthogonal to |0〉. To derive the conditions
in Eq. (10), we split 1 = a1+b1+(1−a−b)1 and apply the
result of Theorem 6 to a1+αρ+βρ˜A, and (1−a)1+γρ˜B+δρ˜.
Clearly, this estimate of the region of parameters, where
Λp(ρ) is separable, is very conservative, and probably can
be improved significantly. 
The conditions above are sufficient for separability
and correspond to the case iii), which probably is not the
most demanding, but we were not able to find weaker
sufficient conditions, i.e., the largest allowed regions of
the parameters. The case i) leads to the less demanding
restrictions that follow from the above conditions, when
we set a + b = 1. Obviously, this case is of interests per
se, since it corresponds to exact conditions in the case of
two qubits, so that we present it as a separate corollary
below. Finally, the case ii) is the least restrictive – indeed
it allows to exceed the restriction a + b ≤ 2 and reach
a = b = 1.
Corrolary 13. Let Λp(ρ) = Tr(ρ)1 + αρ + βρ˜A + γρ˜B + δρ˜ be
the family of maps acting onH = HA ⊗HB = C2 ⊗C2, with
V = σ2 (the second Pauli matrix) acting in the Bob’s space.
Let s = α + γ, s˜ = β + δ, and let the parameters fulfill the
conditions:
s ≥ max[−1, s˜/2 − 1], (11a)
s˜ ≥ max[−1, s/2 − 1], (11b)
and α ≥ −1, β ≥ −1, γ ≥ −1, and δ ≥ −1. Then if ρ ≥ 0,
σ = Λp(ρ) ∈ Σ, i.e. σ is separable.
Proof. The proof is straightforward, since, PPT provides
the if and only if criterion for separability in the case 2 by
2. We take ρ = |Ψ〉〈Ψ|with |Ψ〉 = λ0|0〉⊗|0〉+λ1|1〉⊗|1〉, and
simply write down the matrices Λp(ρ) and Λp(ρ)TA and
check positive definiteness. We observe that it is enough
to consider the "extreme" cases, when either λ0 = 0 or
λ1 = 0, or when |Ψ〉 is maximally entangled, i.e. λ0 =
λ1 = 1/
√
2. The latter case gives us conditions for s and s˜,
whereas the former the simple lower bounds by -1 on all
parameters. To be more explicit the conditions α ≥ −1,
β ≥ −1, γ ≥ −1, and δ ≥ −1 follow from the analysis of the
case when ρ is a projector on a product state, say |0〉⊗ |0〉,
so that ρ˜A is a projector on |1〉⊗|0〉, ρ˜B on |0〉⊗|1〉, and ρ˜ on
|1〉⊗ |1〉. Let us explicitly write Λp(ρ) = Tr(ρ)1+αρ+βρ˜A +
γρ˜B + δρ˜, for ρ = |Ψ〉〈Ψ|with |Ψ〉 = λ0|0〉 ⊗ |0〉 + λ1|1〉 ⊗ |1〉:
Λp(ρ) =

1 + αλ20 + δλ
2
1 0 0 (α − β + δ − γ)λ0λ1
0 1 + γλ20 + βλ
2
1 0 0
0 0 1 + βλ20 + γλ
2
1 0
(α − β + δ − γ)λ0λ1 0 0 1 + δλ20 + αλ21
 .
It is easy to observe that the positivity of Λp(ρ) and its
partial transpose (i.e. its separability), gives the strongest
restrictions on the parameters when |Ψ〉 is maximally en-
tangled, i.e. λ0 = λ1 = 1/
√
2. Direct inspection then leads
to the conditions in Eq. (11). 
Note that the proof of the Theorem 6 is just the same,
when we set γ = δ = 0, while the proof of the Theo-
rem 12, as discussed above, is more involved.
B. Ando-like maps
So far we were mainly generalizing the Breuer-Hall
type maps in the context of our general approach. Let us
now present a similar separability criterion based on an-
other family of positive maps, the so called Ando’s maps
[31–33]. For k = 1, 2, . . . , d − 1, the map Λk;α : B(Cd) →
B(Cd) is defined by
Λk;α(ρ) := (d − k) (ρ) +
k∑
l=1

(
S lρS l†
)
+ αρ,
where S |i〉 = |i + 1〉 is a unitary shift modulo d, and
(X) :=
∑d−1
i=0 |i〉〈i|X|i〉〈i|. It is known that Λk;α is positive
for α ≥ −1 [31–33]. Also note that Λd−1;α = 1Tr(ρ) + αρ
is the generalized reduction map already considered in
Theorem 2.
The Ando-type maps defined above do not consider
the internal tensor-product structure of the space B(Cd).
To make it transparent, we define for ρ ∈ B
(
C2 ⊗CN
)
and −1 ≤ k ≤ N − 1,
Λ2×Nk,α (ρ) := (N − k − 1) (ρ) +
N−1∑
m=0

(
S mBρS
m†
B
)
+
k∑
m=0

(
S AS mBρS
†
AS
m†
B
)
+ αρ, (12)
6where
(X) :=
1,N−1∑
i=0, j=0
|i, j〉〈i, j|X|i, j〉〈i, j|,
and S A, S B are the unitary shift operator on theAlice and
Bob spaces, respectively. The case k = −1 is particularly
simple, since the unitary shift is applied on Bob’s side
only. For simplicity, we denote it differently, Λ2×N−1 (.) ≡
Λ2×N(.), and discuss below its separability properties. Its
generalization for M ≥ 3 is presented in Section VB.
Theorem 14. For ρ ∈ B
(
C2 ⊗CN
)
,
σ := Λ2×N(ρ) = N (ρ) +
N−1∑
m=0

(
S mBρS
m†
B
)
+ αρ
is separable if −2N/(3N − 1) ≤ α ≤ 1.
Proof. As usual, we can restrict ourselves to consider ρ =
|ψ〉〈ψ|, and without loosing generality assume that |ψ〉 =
|0〉|e〉 + |1〉| f 〉, with |e〉 = ∑N−1j=0 λ0 j| j〉, | f 〉 = ∑N−1j=0 λ1 j| j〉, and∑N−1
j=0 (|λ0 j|2 + |λ1 j|2) = 1. One gets (we present the results
forN = 3, but generalization forN > 3 is straightforward)
Λ2×3(ρ) =

3|λ00|2 +
2∑
j=0
|λ0 j|2 0 0 αλ00λ∗10 ... αλ00λ∗12
0 3|λ01|2 +
2∑
j=0
|λ0 j|2 0 ... ... ...
0 0 3|λ02|2 +
2∑
j=0
|λ0 j|2 αλ02λ∗10 ... αλ02λ∗12
αλ∗00λ10 ... αλ
∗
02λ10 3|λ10|2 +
2∑
j=0
|λ1 j|2 0 0
... ... ... 0 3|λ11|2 +
2∑
j=0
|λ1 j|2 0
αλ∗00λ12 ... αλ
∗
02λ12 0 0 3|λ12|2 +
2∑
j=0
|λ1 j|2

+α|0〉〈0| ⊗ |e〉〈e| + α|1〉〈1| ⊗ | f 〉〈 f |.
The result is separable iff it is non-negative and PPT,
but in the proof we will not use the PPT for the sake of
generalization. Instead, we subtract from Λ2×3(ρ) a set
of explicitly separable (unnormalized) states σi, j (with
i < j = 0, 1, 2), which are supported in 2 ⊗ 2 (thus non-
negativity and PPT implying separability) and are of the
form
σi, j =

|α|(|λ0i|2 + |λ0 j|2) 0 0 αλ0iλ∗1 j
0 |α|(|λ0i|2 + |λ0 j|2) αλ0 jλ∗1i 0
0 αλ∗0 jλ1i |α|(|λ1i|2 + |λ1 j|2) 0
αλ∗0iλ1 j 0 0 |α|(|λ1i|2 + |λ1 j|2)
 . (13)
The remainder R(ρ) := Λ2×3(ρ) −∑2i< j=0 σi, j is given by
R(ρ) =
 D0 X
X† D1
 + α|0〉〈0| ⊗ |e〉〈e| + α|1〉〈1| ⊗ | f 〉〈 f |, (14)
where Dk = diag
{
(3 − |α|)|λki|2 + (1 − |α|)Nk
}2
i=0
, k = 0, 1,
X = diag
{
αλ00λ
∗
10, αλ01λ
∗
11, αλ02λ
∗
12
}
,
N0 = 1 − N1 =
2∑
j=0
|λ0 j|2.
For 0 ≤ α ≤ 1, R(ρ) is explicitly non-negative and separa-
ble. For α < 0, we again subtract separable states of the
form |α| |ei〉〈ei| ⊗ |i〉〈i| (i = 0, 1, 2), with |ei〉 = λ0i|0〉 − λ1i|1〉,
7and end up with
R′(ρ) =
 D′0 0
0 D′1
 + α|0〉〈0| ⊗ |e〉〈e| + α|1〉〈1| ⊗ | f 〉〈 f |, (15)
where D′k = diag
{
(3 − 2|α|)|λki|2 + (1 − |α|)Nk
}2
i=0
, k = 0, 1.
Noticing that the RHS of Eq. (15) could be written as
|0〉〈0|⊗(D′0+α|e〉〈e|)+|1〉〈1|⊗(D′1+α| f 〉〈 f |), R′(ρ) is explicitly
separable if D′0 + α|e〉〈e| ≥ 0 and D′1 + α| f 〉〈 f | ≥ 0.
After straightforward calculations using the results of
Ref. [34], we get that this requires that for all choices of
λ’s we must have
N−1∑
j=0
|α||λ0 j|2
(3 − 2|α|)|λ0 j|2 + (1 − |α|)N0 ≤ 1.
This leads to −3/4 ≤ α, or generally −2N/(3N − 1) ≤ α.
Numerical analysis and examples suggest that the re-
gions of α assuring separability can be extended to −1 ≤
α, but we were not able to prove it. 
Noticing that the map Λ2×N allows an inverse, the
above theorem implies the following sufficient separa-
bility criterion.
Corrolary 15. (Sufficient separability criterion 5) Let
−2N/(3N − 1) ≤ α ≤ 1 and
1
α
σ − NN + α(σ) − α(N + α)(2N + α)
N−1∑
m=0

(
S mBσS
m†
B
) ≥ 0.
Then σ is separable.
The methods used to prove Theorem 14 can readily be
applied to prove the cases of other k’s. The next result is
such a generalization.
Theorem 16. For ρ ∈ B
(
C2 ⊗CN
)
, Λ2×Nk (ρ) is separable if
• k = 0 and −(2N − 1)/(3N − 2) ≤ α ≤ 1
• k = 1 and −(2N − 2)/(3N − 2) ≤ α ≤ 1
• for arbitrary k and −(2N − k − 1)/(3N − 2) ≤ α ≤ 1
• k = N − 1 and −1 ≤ α ≤ 2 (reduction map)
Proof. The case k = N − 1 follows from the results above.
We provide first the proof for k = 0 and N = 3 – general-
ization to k = 0 and N > 3 is straightforward. We follow
exactly the steps from the proof of Theorem 14 and first
subtract thematricesσi, j defined in Eq. (13) from Λ2×30 (ρ)
to obtain
R′′(ρ) =
 D′′0 X
X† D′′1
 +α|0〉〈0| ⊗ |e〉〈e|+α|1〉〈1| ⊗ | f 〉〈 f |, (16)
where
D′′k = diag{(2 − |α|)|λ00|2 + (1 − |α|)N0 + |λ10|2,
(2 − |α|)|λ01|2 + (1 − |α|)N0 + |λ11|2,
(2 − |α|)|λ02|2 + (1 − |α|)N0 + |λ12|2} (17)
and X is defined as in the proof of Theorem 14. Now, for
α ≥ 0 it is not difficult to see that the first matrix in (16)
is separable. Thus, R′′(ρ) is separable and so is Λ2×30 (ρ).
For α < 0, we have to modify the second step a little
bit, taking |ei〉 = λ0i|1〉−λ1i|0〉. In this waywe end upwith
the condition that Λ2×30 (ρ) is explicitly separable if

(2 − |α|)|λ00|2 + (1 − |α|)(N0 + |λ10|2) 0 0
0 (2 − |α|)|λ01|2 + (1 − |α|)(N0 + |λ11|2) 0
0 0 (2 − |α|)|λ02|2 + (1 − |α|)(N0 + |λ12|2)
+α|e〉〈e| ≥ 0,
and the similar condition holds for the | f 〉〈 f | part. The
calculations using the results of Ref. [34] are similar; we
get that |α|must fulfill for all choices of λ’s
N−1∑
j=0
|α||λ0 j|2
(2 − |α|)|λ0 j|2 + (1 − |α|)(N0 + |λ1 j|2) ≤ 1,
and the analogous conditions for the | f 〉〈 f | part. It is easy
to see that the bound on |α| is −5/7 ≤ α, or in general
−(2N − 1)/(3N − 2) ≤ α. This kind of proof works in-
deed for arbitrary k and leads in general to the condition
−(2N − 1− k)/(3N − 2) ≤ α. Clearly, as k approaches N − 1
we expect that a better proof and better estimates should
be possible, but we have not found them. 
C. Examples
In this subsection we will present examples of separa-
ble states detected by our criteria. For the sake of com-
parison, we will consider other separability criteria from
the literature. As such, the basic standard is to compare
with the results from Ref. [24]. The strongest separabil-
ity criterion derivable from Theorem 1 of Ref. [24] is the
Corollary 2 (scaling criterion) therein, which for a nor-
malized M ⊗ N state ρ becomes the purity condition,
Tr(ρ2) ≤ 1/(MN − 1)⇒ ρ ∈ Σ. (18)
States satisfying Eq. (18) are usually termed as mem-
bers of the separable ball around identity. Since our criteria
8Eqs. (5)-(9) are mainly for 2⊗N states, we use the relation
σ˜A := σ2σTAσ2 = 1 ⊗ σB − σ to simplify the equations a
little bit. Then Eqs. (6)-(7) become(
3
α
2
− 1
)
σ ≥
(
α
2
− 1
)
1 ⊗ σB + 1 + α/22N + 3α/2 − 11, (19a)(
3
β
2
− 1
)
σ ≤ β1 ⊗ σB − 1 + β/22N + 3β/2 − 11, (19b)
where 0 ≤ α, β < ∞. If we set α = 2 (so that β = 0),
Eq. (19a) becomes the separability criterion mentioned
in Corrolary 4.
The first bound entangled state in the literature (and
also in the least possible dimension, 2⊗4) is given by [35]
ρa =
7a
7a + 1
ρent +
1
7a + 1
|φ〉〈φ|, a ∈ [0, 1],
φ〉 = |1〉 ⊗

√
1 + a
2
|0〉 +
√
1 − a
2
|2〉
 ,
ρent =
2
7
3∑
i=1
|ψi〉〈ψi| + 17 |03〉〈03|,
|ψi〉 = 1√
2
(|0〉|i − 1〉 + |1〉|i〉) , i = 1, 2, 3.
The state ρa remains PPT throughout a ∈ [0, 1] and for
0 < a < 1, it is bound entangled.
Let us now consider the following class of states,
ρa,p = pρa +
1 − p
8
18. (20)
One verifies (e.g., with a computer program) that for all
a, p in the range
0 < a <
1
224
(√
3745 − 49
)
,
1
7
√
343a2 + 98a + 7
47a2 − 6a + 7 < p ≤
1
5
,
ρa,pviolates Eq. (18) but satisfies Eq. (19a) with α = 2.
Hence, ρa,p lies outside the separable ball, but still de-
tected to be separable by the criterion mentioned in Cor-
rolary 4. Similar examples could be constructed with
other values of α. However, note that no state ρa,p lying
outside the separable ball could be detected by Eqs. (8)-
(9).
D. Non-invertible maps
In this subsection we will consider (sufficient) separa-
bility criterion arising from some non-invertible maps.
Due to non-invertibility of the maps involved, the de-
rived criteria would not follow from the general theorem
of this paper. It is quite challenging to generalize them
to the invertible case.
Our first example is about themapΦα : B
(
C2 ⊗CN
)
→
B
(
C2 ⊗CN
)
defined as follows: any Hermitian X ∈
B
(
C2 ⊗CN
)
may be written as
X =
X11 X12
X†12 X22
 ,
where Xi j ∈ B
(
CN
)
. Let
Φα(X) :=
 INTrX11 αB
αB† INTrX22
 (21)
with B = X12 + RN(X†12) and RN : B
(
CN
)
→ B
(
CN
)
being
the reduction map. It was shown in Ref. [36] that Φα=1
defines an optimal positive map. Clearly, Φα is positive
for all |α| ≤ 1 (it is optimal for |α| = 1).
Theorem 17. Φα(|ψ〉〈ψ|) is separable if |α| ≤ 1.
Proof. The proof follows directly from Proposition 1 of
Ref. [24], since Φα(|ψ〉〈ψ|) is locally equivalent toIN A
A† IN

with AA† ≤ IN . 
We now consider a slightly generalized map
Ψα : B
(
C4 ⊗CN
)
→ B
(
C4 ⊗CN
)
defined as follows:
any Hermitian X ∈ B
(
C4 ⊗CN
)
may be written as
X =
X11 X12
X†12 X22
 ,
where Xi j ∈ B
(
C2 ⊗CN
)
. Let
Ψα(X) :=
 I2NTrX11 αC
αC† I2NTrX22
 (22)
with C = X12 + UX12U†, U being an arbitrary antisym-
metric 2N ×2N unitary matrix. It is known [37] that Ψα=1
defines an optimal positive map. It is also clear that Ψα
is positive for all |α| ≤ 1 (it is optimal for |α| = 1).
Theorem 18. Ψα(|ψ〉〈ψ|) is separable if |α| ≤ 1.
The proof is essentially the same as that of Theorem17.
V. MAIN RESULTS FORCM ⊗CN
A. Reduction- and Breuer-Hall-like maps
There is a general and simple generalization of the
Theorem 1, summarized here as the Corollary.
9Corrolary 19. Let p = {α, β, γ, δ} and Λp(ρ) = Tr(ρ)1 +
αρ + βρ˜A + γρ˜B + δρ˜ be a family of maps with the parameters
fulfilling the conditions such that ρ ≥ 0⇒ Λp(ρ) ∈ Σ. Then,
if w = P + QTA is a decomposable pre-witness with P,Q ≥ 0,
Λp(w) =: σ ∈ Σ, i.e. σ is also separable.
Proof. The proof follows easily from the fact that
Λp(wTA ) = Λp(w)TA . We present this corollary in this
section since it holds in CM ⊗ CN equally well as in
C2⊗CN , provided appropriate generalizations of Breuer-
Hall unitary operators are used. 
Let us now present our own proof of the Theorem 2,
i.e., separability of Λα(ρ) = Tr(ρ)1+αρ for arbitraryM⊗N
ρ.
Proof. We discuss in detail the cases M = 3, 4 – the
generalizations to arbitrary M ≤ N is the straightfor-
ward. As before, it is enough to prove for pure states,
ρ = |Ψ〉〈Ψ|. For M = 3, |Ψ〉 has maximally Schmidt rank
3, and, without loosing generality, we can assume that
|Ψ〉 = λ0|0〉 ⊗ |0〉 + λ1|1〉 ⊗ |1〉 + λ2|2〉 ⊗ |2〉. It is enough
to check then positivity and separability of Λ(|Ψ〉〈Ψ|) on
a 3 ⊗ 3 space spanned by |0〉, |1〉 and |2〉 in both Alice’s
and Bob’s spaces. This is achieved by observing first that
if |Ψ〉 is a normalized state, than obviously positivity of
Λα(|Ψ〉〈Ψ|) requires α ≥ −1. Direct inspection shows that
for α = −1, Λα(|Ψ〉〈Ψ|) is a sum of three positive matrices
that effectively act on two-qubit Hilbert spaces and are
given by
σi j = |ϕi j〉〈ϕi j| + |i j〉〈i j| + | ji〉〈 ji| , (23)
where |ϕi j〉 = λ j |i〉 − λi | j〉 with i < j = 0, 1, 2. These ma-
trices are PPT and thus separable.
For α ≥ 0, we decompose Λα(|Ψ〉〈Ψ|) = σTA + D, where
σTA is separable by construction, and D is positive diago-
nal in the computational product basis, ergo separable by
direct inspection. We consider a family of product vec-
tors |p(φ, ψ)〉 = A(1, aeiφ, beiψ)⊗2 and the separable state
σ =
∫
dφ/2pi
∫
dψ/2pi|p(φ, ψ)〉〈p(φ, ψ)|.
The parameters can be chosen indeed in such a way that
Λα(|Ψ〉〈Ψ|) − σTA is diagonal. To this aim we choose A2 =
αλ20, a
2 = λ1/λ0, b2 = λ2/λ0. Checking the explicit condi-
tions that d is positive implies that 1−A2a2 = 1−αλ0λ1 ≥ 0,
i.e. α ≤ 2 since λ0 and λ1 are the highest and the sec-
ond highest Schmidt coefficients, respectively. The case
−1 < α < 0 follows from convexity.
The proof for the case M = 4 is analogous. We have
now four Schmidt coefficients, λk, k = 0, . . . , 3, and take
|p(φ, ψ)〉 = A(1, aeiφ, beiψ, ceiθ)⊗2, set A2 = αλ20, a2 = λ1/λ0,
b2 = λ2/λ0, and c2 = λ3/λ0. Generalization for M > 4
follows the same pattern. 
The above theorem can be generalized to the suffi-
cient conditions for states with Schmidt number n ≤ M,
σn ∈ Σn. Similar results were obtained earlier by L.
Clarisse [38], but our proofs are different, so we present
them here.
Theorem 20. (see also [38]) Let Λα(ρ) = Tr(ρ)1 + αρ be
the family of maps, and −1 ≤ α ≤ n + 1. Then ρ ≥ 0 ⇒
Λα(ρ) = σn ∈ Σn, i.e. σn has the Schmidt number ≤ n.
Proof. We discuss in detail the case M = 3 and n = 2 –
the generalization to arbitrary M ≤ N is the straightfor-
ward. As before it is enough to prove for pure states,
ρ = |Ψ〉〈Ψ|. For M = 3, |Ψ〉 has maximally Schmidt rank
3, and, without loosing generality, we can assume that
|Ψ〉 = λ0|0〉 ⊗ |0〉 + λ1|1〉 ⊗ |1〉 + λ2|2〉 ⊗ |2〉. It is enough to
check then positivity and Schmidt number of Λ(|Ψ〉〈Ψ|)
on a 3 ⊗ 3 space spanned by |0〉, |1〉 and |2〉 in both Al-
ice’s and Bob’s spaces. This is achieved by observing first
that if |Ψ〉 is a normalized state, than obviously positiv-
ity of Λα(|Ψ〉〈Ψ|) requires α ≥ −1. Moreover, we know
that for α = −1, Λα(|Ψ〉〈Ψ|) is separable, ergo it obviously
has the Schmidt number 1 ≤ n = 2. For α ≥ 0, we
decompose directly Λα(|Ψ〉〈Ψ|) = σTA + DTA2 , where σ is
separable by construction, and D2 has a form that ex-
plicitly implies that its Schmidt number is smaller equal
2. As before, we consider a family of product vectors
|p(φ, ψ)〉 = A(1, aeiφ, beiψ)⊗2 and the separable state
σ =
∫
dφ/2pi
∫
dψ/2pi|p(φ, ψ)〉〈p(φ, ψ)|.
The parameters can be chosen indeed in such a way that
Λα(|Ψ〉〈Ψ|)−σTA has only two off–diagonal elements, cor-
responding to the subspace spanned by |0〉 and |1〉. To
this aim we choose A2 = αλ20, a
2 = λ1/λ0, b2 = λ2/λ0,
with some  ≥ 0. Checking the explicit conditions that
d is positive implies, among others, that 1 − A2b2 =
1 − αλ0λ2 ≥ 0, i.e. α ≤ 3, since λ0 and λ2 are the highest
and the third highest Schmidt coefficients, respectively.
Other conditions, such as 1 − A2a2 = 1 − αλ0λ1 ≥ 0, or
1+αλ22 − A2b4 = 1+αλ22(1− 1/) ≥ 0, can be fulfilled with
 = 2/3, for instance.
Generalization for M ≥ 4 and n = 2 is straightforward:
we set A2 = αλ20, a
2 = λ1/λ0, b2 = λ2/λ0, c2 = λ3/λ0, ...
with some  = 2/3. For M ≥ 4 and n = 3we set A2 = αλ20,
a2 = λ1/λ0, b2 = λ2/λ0, c2 = λ3/λ0, etc. with  = 1/2. 
Much stronger result than that of Theorem 20 was
proven in Ref. [38] for M = N = d.
Theorem 21. Let Λα(ρ) = Tr(ρ)1 + αρ be a family of maps
with −1 ≤ α ≤ 2(dn − 1)/(d − n). Then, if ρ ≥ 0 ⇒ σ =
Λα(ρ) ∈ Σn, i.e. σ has the Schmidt number ≤ n.
Proof. Let |ψ〉 be a two-qudit state with Schmidt coeffi-
cients λ0 ≥ λ1 ≥ . . .. It was shown in Ref. [38] that the
(unnormalized) mixture of |ψ〉 and the maximally mixed
state, 1 + α |ψ〉〈ψ|, has Schmidt number n if
α ≤ dn − 1
(d − n)λ0λ1 . (24)
This implies that 1+α |ψ〉〈ψ| has Schmidt number at most
n for any |ψ〉 if
α ≤ 2(dn − 1)
d − n . (25)
10

The value 2(dn − 1)/(d − n) is larger than n + 1 and it
recovers the bound α ≤ 2 for separability. Still, the proof
of Theorem 20 is relatively simple and we expect that it
could be generalized to other situations, such as themul-
tipartite case etc. That is why we decided to present it
here.
Let us finally notice that Theorem 21 implies the fol-
lowing sufficient criterion for being an element of Σn,
which generalizes Theorem 3.
Corrolary 22. If for some α ∈ [−1, 2(dn − 1)/(d − n)],
Λ−1α (σ) := [σ−Tr(σ)1/(2N +α)]/α ≥ 0, then σ ∈ Σn, i.e., the
Schmidt number of ρ is not larger than n.
B. Ando-like maps for M,N ≥ 3
Let us now consider the case k = −1 from the Sec-
tion IVB, which can be easily generalized to theCM⊗CN
case. Namely, for ρ ∈ B
(
CM ⊗CN
)
, we define
(X) :=
M−1,N−1∑
i=0, j=0
|i, j〉〈i, j|X|i, j〉〈i, j|,
and
ΛM×N(ρ) := (M − 1)N (ρ) +
N−1∑
m=0

(
S mBρS
m†
B
)
+ αρ, (26)
where S B is the unitary shift operator in the Bob space.
In this subsection we consider first the case of qutrits
(M = N = 3) and prove the following result.
Theorem 23. The map
Λ3×3(ρ) = 6(ρ) +
2∑
m=0
(S mBρS
m†
B ) + αρ (27)
is separable for |α| ≤ 1/2.
Proof. We consider |ψ〉 = ∑2j=0(λ0 j|0 j〉 + λ1 j|1 j〉 + λ2 j|2 j〉,
with Ni =
∑2
j=0 |λi j|2 for i = 0, 1, 2, and
∑2
i=0 Ni = 1. We
obtain
Λ3×3(ρ) =

6|λ00|2 + N0 0 0 αλ00λ10 αλ00λ11 αλ00λ12 αλ00λ20 αλ00λ21 αλ00λ22
0 6|λ01|2 + N0 0 ... ... ... ... ... αλ01λ22
0 0 6|λ02|2 + N0 ... ... ... ... ... αλ01λ22
αλ∗00λ
∗
10 ... ... 6|λ10|2 + N1 0 0 ... ... αλ10λ22
αλ∗00λ
∗
11 ... ... 0 6|λ11|2 + N1 0 ... ... αλ11λ22
αλ∗00λ
∗
12 ... ... 0 0 6|λ12|2 + N1 ... αλ12λ22
αλ∗00λ
∗
20 ... ... ... ... ... 6|λ20|2 + N2 0 0
αλ∗00λ
∗
21 ... ... ... ... ... 0 6|λ21|2 + N2 0
αλ∗00λ
∗
22 αλ
∗
10λ
∗
22 αλ
∗
02λ
∗
22 αλ
∗
10λ
∗
22 αλ
∗
11λ
∗
22 αλ
∗
12λ
∗
22 αλ
∗
20λ
∗
22 αλ
∗
21λ
∗
22 6|λ22|2 + N2

.
+
2∑
i=0
|i〉〈i| ⊗ | fi〉〈 fi|,
where | fi〉 = ∑2j=0 λi j| j〉. The proof follows exactly the
same steps as in the previous section: we subsequently
get rid of coherences in the above matrix by substracting
matrices that live in 2 × 2 space and are explicitely sep-
arable, provided |α| ≤ 1. As before we end up with the
conditions:

(6 − 4|α|)|λi0|2 + (1 − 2|α|)Ni 0 0
0 (6 − 4|α|)|λi1|2 + (1 − 2|α|)Ni 0
0 0 (6 − 4|α|)|λi2|2 + (1 − 2|α|)Ni
 + α| fi〉〈 fi| ≥ 0,
Clearly, we must have |α| ≤ 1/2 to assure non-negativity. Moreover, using again Ref. [34] we obtain that
2∑
j=0
|α||λ0 j|2
(6 − 4|α|)|λ0 j|2 + (1 − 2|α|)N0 ≤ 1,
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which implies −9/13 ≤ α, so that ultimately the condi-
tion |α| ≤ 1/2 is decisive. 
Generalization to the case of arbitrary M × N yields
N−1∑
j=0
|α||λ0 j|2
(M − 1)(N − 2|α|)|λ0 j|2 + (1 − (M − 1)|α|)N0 ≤ 1,
which leads to −NM/(NM + 2(M − 1) ≤ α, which is also
less restrictive that |α| ≤ 1/2, i.e. irrelevant. Therefore we
have the following general result.
Theorem 24. If ρ ≥ 0, then
ΛM×N(ρ) = (M − 1)N(ρ) +
N−1∑
m=0
(S mBρS
m†
B ) + αρ (28)
is separable for |α| ≤ 1/2.
Similar results can be proven analogously for the k-
dependent Λ, namely, for k = 0, 1, . . ., we consider the
following map
ΛM×Nk (ρ) := (N − 1)(ρ) +
M−2∑
i=0
N−1∑
j=0
(S iAS
j
BρS
i†
A S
j†
B )
+
k∑
j=0
(S M−1A S
j
BρS
M−1†
A S
j†
B ) + αρ. (29)
Theorem 25. If ρ ≥ 0, then ΛM×N0 (ρ), as defined in Eq. (29),
is separable formax[−(2N − 1)/(N + (N + 2)(M − 1)),−1/2] ≤
α ≤ 1/2.
Proof. As above we first present the proof for M = N = 3
inmore detail. The starting point is towrite down the ex-
plicit matrix from of Λ3×3(ρ). Performing the same steps
as before and assuming that |α| ≤ 1 we end up with the
condition for separability
diag
{
(2 − 4|α|)|λ00|2 + (1 − 2|α|)N0 + N1 + |λ20|2,
(2 − 4|α|)|λ01|2 + (1 − 2|α|)N0 + N1 + |λ21|2,
(2 − 4|α|)|λ02|2 + (1 − 2|α|)N0 + N1 + |λ22|2
}
+ α| fi〉〈 fi| ≥ 0,
and analogous conditions for i = 1, 2. Clearly, |α| ≤ 1/2 is
necessary; a conservative bound gives −5/13 ≤ α. Gen-
eralization to arbitrary M,N leads to
N−1∑
j=0
|α||λ0 j|2
(N − 1 − 2(M − 1)|α|)|λ0 j|2 + (1 − (M − 1)|α|)N0 ≤ 1,
implyingmax[−(2N−1)/(N+(N+2)(M−1)),−1/2] ≤ α. 
C. Examples
Similar to Section IVC, we will present some exam-
ples of states which lie outside the separable ball, but
nonetheless are detected to be separable by our simplest
criterion in Eq. (27).
Let us consider the following class of 3 ⊗ 3 states from
Ref. [39],
ρβ =
2
7
|Φ〉〈Φ| + β
7
σ+ +
5 − β
7
σ−, β ∈ [0, 5],
where |Φ〉 = 1√
3
2∑
k=0
|kk〉,
σ+ =
1
3
(|01〉〈01| + |12〉〈12| + |20〉〈20|) ,
σ− =
1
3
(|10〉〈10| + |21〉〈21| + |02〉〈02|) .
This is an interesting class of states: for 0 ≤ β < 1 and
4 < β ≤ 5 it is NPT, for 2 ≤ β ≤ 3 it is separable, and
for 3 < β ≤ 4 it is bound entangled. One verifies that for
0 ≤ β <
(
110 − √4495
)
/44, or
(
110 +
√
4495
)
/44 < β ≤ 5,
ρβ is NPT (hence entangled), but for all α ∈ [−1/2, 1/2],
Λ3×3
(
ρβ
)
lies outside the separable ball yet detected to
be separable by Eq. (27). Similar examples can be con-
structed for the other maps as well.
VI. CONCLUSIONS AND OUTLOOK
We have presented in this paper several families of
linear maps, that have a property that when applied to
states, result in separable states, or states from a certain
class of entanglement. When invertible, suchmaps allow
to derive sufficient crtiteria for separability, or for a cer-
tain class of entanglement. Such criteria have rather ob-
vious possible applications and implications in quantum
infomation science: they can namely be applied to deter-
mine whether and how much entanglement is needed
for various specific protocols for quantum computation
or other quantum task, similarly as it was discussed in
Ref. [23]. We have formulated also several open ques-
tions in particular concerning certain kind of Breuer-
Hall-like and reduction-likemaps acting inB
(
CM ⊗CN
)
,
Ando-like maps acting in B
(
CM ⊗CN
)
, and certain non-
invertible maps in B
(
C2 ⊗CN
)
and B
(
C4 ⊗CN
)
. It is
quite remarkable that even our simplest criteria obtained
for the case of reduction-like maps is independent to
some well-known criteria from the literature. We have
also presented different proof for already known results
on separability of some class of states, and hopefully the
technique is applicable for other, so far not-considered-
in-literature situations, such as the case of many parties,
symmetric states etc.
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